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. GL Local minimizer










$\Omega\subset \mathbb{R}^{3}$ . $(\Phi, A)$ .
(1.1) $\}\{\lambda(\Phi, A)=\int_{\Omega}(\frac{1}{2}|(\nabla-iA)\Phi|^{2}+\frac{\lambda}{4}(1-|\Phi|^{2})^{2})$ $dx+ \int_{\mathrm{R}^{3}}\frac{1}{2}|\mathrm{r}\mathrm{o}\mathrm{t}A|^{2}dx$ .
, $\Phi$ ( $\mathbb{C}$-valued) , $A$ $\mathrm{R}^{3}$ $\mathbb{R}^{3}$ . $\lambda>0$
. .
Critical Point , $\mathcal{H}_{\lambda}$ $\mathrm{G}\mathrm{L}$ .
(1.2) $\{$
$(\nabla-iA)^{2}\Phi+\lambda(1-|\Phi|^{2})\Phi=0$ in $\Omega$ ,
$\frac{\partial\Phi}{\partial\nu}-i\langle A\cdot\nu$ ) $\Phi=0$ on $\partial\Omega$ ,
rot rot $A+(i(\overline{\Phi}\nabla\Phi-\Phi\overline{\nabla\Phi})/2+|\Phi|^{2}A)\Lambda_{\Omega}=0$ in $\mathbb{R}^{3}$ ,
$\langle\cdot, \cdot\rangle$ , $\Lambda_{\Omega}$ $\Omega$ .
( ) ,
$\mathrm{G}\mathrm{L}$ .









$\Phi’=e^{i\rho}\Phi$ , $A’=A+\nabla\rho$ $(\rho:\mathbb{R}^{3}arrow \mathbb{R})$ .
$\rho$ , $(\Phi, A)$ $C(\Phi, A)$ ,
( ) . , $(\Phi, A)$
$C(\Phi, A)$ $\mathcal{H}_{\lambda}$
. Critical Point( ) ( 1) ,
2 .
2 $(\Phi, A)$ $\mathcal{H}_{\lambda}$ 2 . , $(\Psi, B)$
.
(1.4) $J_{\lambda}( \Phi, A;\Psi, B)=\frac{1}{2}\frac{d^{2}}{d\epsilon^{2}}\mathcal{H}_{\lambda}(\Phi+\epsilon\Psi, A+\epsilon B)_{|\epsilon=0}=$
$\frac{1}{2}\int_{\Omega}\{|\nabla\Psi|^{2}+i\langle\nabla\Phi, \overline{\Psi}B\rangle+i\langle\nabla\Psi, A\overline{\Psi}+B\overline{\Phi}\rangle-i\langle\overline{\nabla\Phi},$ $\Psi B)-i\langle\overline{\nabla\Psi}, A\Psi+B\Phi\rangle$
$+|A|^{2}|\Psi|^{2}+\langle A,$ $B)(\Phi\overline{\Psi}+\overline{\Phi}\Psi)+|B|^{2}|\Phi|^{2}\}dx$
$\frac{\lambda}{4}\int_{\Omega}((\Phi\overline{\Psi}+\overline{\Phi}\Psi)^{2}-2(1-|\Phi|^{2})|\Psi|^{2})dx+\frac{1}{2}\int_{\mathrm{R}^{3}}|\mathrm{r}\mathrm{o}\mathrm{t}B|^{2}dx$
Jimbo and Morita [6], Rubinstein and Sternberg [12], Jimbo and Zhai [7] } ,
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( 1,2. , ,
). .




$\mathcal{H}_{\lambda}t\mathrm{h}\mathrm{L}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\dot{\mathrm{m}}\mathrm{z}\mathrm{e}\mathrm{r}(\Phi_{\lambda}, A_{\lambda})\in X\text{ }$
.
$\text{ }.\text{ }_{\sim}^{-}\text{ }1.\Omega|\mathrm{h}\not\in\backslash \not\in \text{ }*fx\mathrm{A}\backslash \text{ }\varpi ae\text{ }arrow \text{ _{}}-\text{ },$
,
$\lambda_{0}>0\lambda\mathrm{B}^{\mathrm{i}}\#$ \star ti\not\subset 7\neq -*\not\in \iota }gb., $\text{ }\ovalbox{\tt\small REJECT} \text{ }\mathrm{X}\mathrm{f}\mathrm{f}\text{ }\backslash \}_{arrow}^{}\lambda\geqq\lambda_{0}\text{ }\ovalbox{\tt\small REJECT}(\not\subset \text{ }\mathrm{b}\text{ ^{}\backslash }\backslash$
.
: 2 .
Local minimizer 2 .
2. Local minimizer $(\Phi_{\lambda}, A_{\lambda})$ , 2 2
. , $c>0$
$J_{\lambda}(\Psi, B)\geqq c(||\Psi||_{H^{1}(\Omega)}^{2}+||B||_{Z}^{2})$ $(\Psi, B)\in X_{2}$ .




$’ \tau_{-}\frac{*}{\mathrm{o}}\nearrow\tau^{\backslash \backslash }\acute{x}^{\mathrm{t}_{1}}$
$.x_{-}*^{\backslash }$ ( $\downarrow|$






and Zhai[8] $)$ .
[ ]
$\Omega$ $\Omega(\zeta)\cdot(\zeta>0)$ , .
(a) $\Omega(\zeta_{2})\supset\Omega((_{1})\supset\Omega$ $(0<\zeta_{1}\leqq\zeta_{2})$
(b) $\lim_{\zetaarrow 0}\mathrm{V}\mathrm{o}\mathrm{l}(\Omega(\zeta)\backslash \Omega)=0$ .
$\Omega(\zeta)$ . , $\zeta>0$
, $\Omega$ . $\mathrm{G}\mathrm{L}$ , 1, 2
Local minimizer $(\Phi_{\lambda}, A_{\lambda})$ .
(1.5) $\tilde{\mathcal{H}}_{\lambda}(\Phi, A)=\int_{\Omega(\zeta)}(\frac{1}{2}|(\nabla-iA)\Phi|^{2}+\frac{\lambda}{4}(1-|\Phi|^{2})^{2})dx+\int_{\mathrm{R}^{3}}\frac{1}{2}|\mathrm{r}\mathrm{o}\mathrm{t}A|^{2}dx$ .
perturbed Local minimizer .
3. $\zeta>0$ $\tilde{7\{}\lambda$ Local minimizer $(\overline{\Phi}_{\lambda,\zeta},\tilde{A}_{\lambda,\zeta})$
(1.6) $\lim_{\zetaarrow 0}(||\tilde{\Phi}_{\lambda,\zeta}-\Phi_{\lambda}||_{L^{2}(\Omega)}+||\tilde{A}_{\lambda,\zeta}-A_{\lambda}||z)=0$
.
(1.6) , $\tilde{\Phi}_{\lambda,\zeta}$ $\Omega$
$\Phi_{\lambda}$ . , $Q(\zeta)=\Omega(\zeta)\backslash \Omega$
. $Q(\zeta)$ . ,
$\Omega(\zeta)$ .
$+$
$.\vdash^{:\prime}\cdot\sim f\backslash \backslash \supset$
$(_{\sqrt}\neg\acute{\mathrm{K}(_{\wedge}’}E$ $i’\backslash i,\triangleleft^{\acute{p,}}\mathrm{i}|$
—





. 2 . $\Omega$ $\mathbb{R}^{2}$
. 2 $\mathrm{G}\mathrm{L}$
(2. 1) $?t_{\lambda}( \Phi, A)=\int_{\Omega}\{\frac{1}{2}|(\nabla-iA)\Phi|^{2}+\frac{\lambda}{4}(1-|\Phi|^{2})^{2}\}.dx+\int_{\mathrm{R}^{2}}\frac{1}{2}|\mathrm{r}\mathrm{o}\mathrm{t}A|^{2}dx$




4([9]). $\Omega$ Local minimizer $(\Phi, A)$ $(1, 0)$
.
. $\mathrm{G}\mathrm{L}.$ . . Jimbo and Morita
[5]. Casten and Holland [1] and Matano [11]
competition-system C KishimotO-Weinberger[10] .
$\circ$
.
( 4 ) $(\Phi, A)$ Local minimizer . ,
$(\Phi,\cdot A)$ ( T )
. $\langle A\cdot\nu\rangle=0(x\in\partial\Omega)$ . .
. $(\Phi, A)$ $|\Phi(x)|\leqq.1^{\cdot}\cdot\cdot:(x.\cdot.\in\Omega)$ .
( ) $w(x)=|\Phi(x)|$ .
.
. Local minimizer .
. rotA $\equiv 0(x\in \mathbb{R}^{2}\backslash \Omega\}.\cdot\cdot$ .
2 . $\Omega$ , rot rotA $\equiv 0$
, $\partial/\partial x_{1}(\mathrm{r}\mathrm{o}\mathrm{t}.4)$ $=0,$




2 $J_{\lambda}$ , 3 (1.4)
.
(2.2) $J_{\lambda}( \Phi, A;\Psi, B)=\frac{1}{2}\frac{d^{2}}{d\epsilon^{2}}\mathcal{H}_{\lambda}(\Phi+\epsilon\Psi, A+\epsilon B)|\epsilon=0$
(2.3) $I= \sum_{j=1}^{2}\mathcal{J}_{\lambda}(\Phi, A;\frac{\partial\Phi}{\partial x_{j}}, \frac{\partial A}{\partial x_{j}})$
. (2.3) 2 , $\mathrm{G}\mathrm{L}$
. .





, $H=H(x)$ $x\in\partial\Omega$ , $F$ $(\Phi, A)$ $\Omega$
$F(x)=\{$




$\Phi$ $F$ . .
2 , $F$ $I\leqq 0$
. , $(\Phi, A)$ 2 $(\partial\Phi/\partial x_{1}, \partial A/\partial x_{1}),$ $(\partial\Phi/\partial x2, \partial A/\partial x_{2})$ 2 \pi
. , } , $(\Phi, A)$ ]
$*$ Local
minimizer . , .
(2.5) $J_{\lambda}( \Phi, A;\frac{\partial\Phi}{\partial x_{j}}, \frac{\partial A}{\partial x_{j}})=0$ $(j=1,2)$ , $J_{\lambda}(\Phi, A;\Psi, B)\geqq 0$ (( , $B)\in X$ )
. , $F$ .
$\Gamma_{3}=\{x\in\partial\Omega|H(x)>0\}$
(2.6) $\nabla\Phi-i\Phi A=0$ on $\Gamma_{3}$ ,
.
(2.5) $(\partial\Phi/\partial xj, \partial A/\partial xj)$ $J_{\lambda}(\Phi, A;\cdot)$ 0 $\text{ }$ -C’
. , ( $\partial\Phi/\partial xj$ , \partial A/ xj) .
.
(2.7) $( \nabla(\frac{\partial\Phi}{\partial x_{j}})-i\Phi\frac{\partial A}{\partial x_{j}})\cdot\nu=0$ on $\partial\Omega$ $(j=1,2)$
$\mathrm{G}\mathrm{L}$ evaluate
(2.8) $\Phi(x)=0$ or $|\Phi(x)|=1$ on $\partial\Omega$
. .
$\Gamma_{4}=\Gamma_{1}\cap\Gamma_{3}$ , $\Gamma_{5}=\Gamma_{2}\cap\Gamma_{3}$ .
$\Gamma_{3}$ . , $\Gamma_{4}\cup\Gamma_{5}\neq\emptyset$ .
Case (i) $\mathrm{r}_{4}\neq\emptyset$ .
$p\in\Gamma_{4}$ (2.8) $|\Phi(p)|=1$
(2.9) $\{$
$1/2\leqq|\Phi(x)|\leqq 1$ in $B(p;\epsilon)\cap\Omega$ ,
$|\Phi(x)|=1$ on $B(p;\epsilon)$ $\Omega$ ,
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. $w(x)=|\Phi(x)|,$ $\phi(x)=\mathrm{A}\mathrm{r}\mathrm{g}(\Phi(x))$ .
(2.10) $\{$
$\triangle w-|\phi-A|^{2}w+\lambda(1-w^{2})w=0$ in $B[p;\epsilon)\cap\Omega$
$\partial w/\nu=0$ in $B(p;\epsilon)$ $\Omega$
, $w\equiv 1(x\in B(p;\epsilon)\cap\Omega)$ .
$\Omega$ $w=1$ $\phi$ $\Omega$ $A=\nabla\phi(x\in\Omega)$ .
rotA $=0$ $\phi$ $\Omega^{\mathrm{c}}$ $A=\nabla\phi$ . $(\Phi, A)$
.
(ii) $\Gamma_{4}=\emptyset$ .
$p\in\Gamma_{5}\neq\emptyset$ . (2.8) $\epsilon>0$




$\Phi(x)=0$ $\frac{\partial\Phi}{\partial\nu}=0$ on $B(p;\epsilon)$ \Omega ,
$\Phi=0(x\in B(p;\epsilon)\cap\Omega)$ .
$\Phi=0$ $\Omega$ . 2 $A$
$\int_{\mathcal{R}^{2}}|\mathrm{r}\mathrm{o}\mathrm{t}A|^{2}dx=0$ . $\mathbb{R}^{2}$ $A=\nabla\xi$ , $(\Phi, A)=(0, \nabla\eta)$
. $(\Phi_{0}, A_{0})=(0,0)$ . $(\Phi 0, A_{0})$ 2 .
$J_{\lambda}( \Phi_{0}, A_{0}, \Psi, 0)=-\frac{1}{2}\int_{\Omega}|\Psi|^{2}dx$
$(\Phi_{0}, A_{0})$ Local minimizer , .
$(\Phi, A)$ $(1, 0)$ .
[Example] $\Omega=\{(x_{1}, x_{2})\in \mathbb{R}^{2}|x_{1}^{2}+x_{2}^{2}<1\}$ . $\Phi(x)=w(r)e^{i\theta}$ ,
$A=(y(r)/r)(-\sin\theta,$ $\cos$ . $x_{1}=r\cos\theta,$ $x_{2}=r\sin\theta$ $|_{j}$
. $w=w(r),$ $y=y(r)$ ODE
$\frac{d^{2}w}{dr^{2}}+\frac{1}{r}\frac{dw}{dr}-\frac{(1-y)^{2}}{r^{2}}w+\lambda(1-w^{2})w=0$ $(0<r<1)$ ,
$\frac{d^{2}y}{dr^{2}}-\frac{1}{r}\frac{dy}{dr}+(1-y)w^{2}\Lambda(r)=0$ $(r>0)$
$w(r)>0(0<r<1),$ $y(r)>0(r>0)$ , $w(0)=0,$ $y(0)=0,$ $dw/dr(1)=0$ ,
$\Lambda(r)=1(r\in(0,1)),$ $\Lambda(r)=0(r\in(1, \infty))$ . [ $|\mathrm{r}\mathrm{o}\mathrm{t}A|=y’(r)/r$
, $y(r)=const$ $(r\geqq 1)$ .
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